Financial Mathematics
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Example

 Create a three-period binominal price tree and
find the fair value of an European call and put
options and an American put option on a
nondividend-paying stock If the initial stock
price Is 62 PLN, the compound risk-free
Interest rate Is 12% per annum, the stock
volatility 1s 20%, the strike price of 60 PLN Is
expiring at the end of the third month (at the
end of the third week).



Period - a month Period - a week

u =62 =1 029288 u =62 =1.013964
d =1/u =0.971545 d =1/u = 0.986228
R=1+0.12/12 =1.01 R =1+0.12/52 =1.002308
g = 0.665965 g=0.579736

1-0=0.334035 1-9=0.420264



Price tree

62.00 63.82  65.68
60.24  62.00
58.52

European put option

0.11 0.00 0.00
0.34 0.00
1.04

Three months

67.61
63.82
60.24
56.86

0.00
0.00
0.00
3.14

European call option

3.88 5.00 6.28
1.76 2.59
0.16

American put option

0.16 0.00 0.00
0.49 0.00
1.48

7.61
3.82
0.24
0.00

0.00
0.00
0.00
3.14



Price tree
62.00 62.87 63.74
61.15 62.00
60.30

European put option

0.04 0.00 0.00
0.09 0.00
0.22

Period - three weeks

64.63
62.87
61.15
59.47

0.00
0.00
0.00
0.53

European call option

2.45 3.14 3.88
1.51 2.14
0.66

American put option

0.04 0.00 0.00
0.09 0.00
0.22

4.63
2.87
1.15
0.00

0.00
0.00
0.00
0.53



The underlying asset pays continuous dividend o
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Incoherent binomial option tree
(the underlying asset pays predictable income)

(5-u— D)’

(S -d-D)d

® (5. .4-D)d’



Example

* Find the fair value of an European call option
using the incoherent binomial option tree if the
underlying asset pays dividend of 2 PLN In
half a month. The initial stock price is 50 PLN,
the strike price of 48 PLN Is expiring at the
end of the third month, the continuously
compounded risk-free interest rate i1s 10% per
annum, and the stock volatility is 20%



u =22 _ 1050434 q=0.558

d =1/u =0.9439 1—q=0.442

e = %12 —1.008368

er-At_d
u-—d

C=e"(q-C,+(-q)-C;) 4=



5721 (9.21)

50.97 (2.97)
50.73 (2.73)

50 (2.72)

45.41 (0)
43.2 (0.34) 452 (0)

42.66 (0) 40.27 (0)

D=2, K=48



Example - coherent binomial option tree
(American put option)

S=52 K=50 D=206 r=01 o0=04

r=35 T=5
u=e"" _1.122401 g =0.507319
d =1/u = 0.890947 1-q = 0.492681

el — g%¥12 —1.008368

er-At_d
P=e""(q-R,+(1-q)-P,) AR




1

—t-At-r U0 1 o
D-e =2.06-¢ = 2.00078

49.99922 56.12 6299 70.7 7935 89.06
44.55 49999 56.12 06299 /0.7

39.69 4455 49.999 56.12

35.36 39.69 44.55

31.5 35.36

+2.00078 +2.017527 +2.024938 +2.051435 28.07

—3.5-i-0.1 —2.5-i-0.1 —1.5-i-0.1 —O.S-i-O.l
2 2 12

+De ! +De ! +De 12 + De



52 58.14 65.01 72./75 79.35 89.06
46.596 52.02 58.17 | 6299 /0.7
41.71 46.598 49.999 56.12

37.41 39.69 4455

31.5 35.36
28.07



American put option

444 216 0.64 0 0 0
6.86 3.77 1.3 0 0
10.16 6.38 2.66 0

Formula K-S 14.22 w 5.45
0 -29.35 18.5 | 14.64
0 -12.988 21.93
2.66 0
9.896 10.31

18.08 18.496



Option strategies
Uncovered
long call, short call, long put, short put

Covered

(option position that Is offset by an equal and
opposite position in underlying asset)



Profit

short call

Payoff diagram

C
-C T
long call
Pavoff Profit
Long call max {5, — K, 0} max {S,; - K, 0}-C
Short call min {K - Sz, 0] min {K - S7, 0j+C




Payoff diagram Profit
Short put
K-P l
F o
>
.4 Sy
-P
-K+P T
Long put
Pavoff Profit
Long put II]HJ[{K—SI,U} max{K—Sr,U}—P
Short put m-iﬂ{sr - K. D] ﬂliﬂ{sr -K, 'D}-I'-P




Covered option strategies

covered call — short call + long share

covered put — short put + short share



short call + long share

. Short | Long share Profit
call | s —30 K =40 C=5

0 5 ~30 _25

20 5 ~10 5

25 5 -5 0 I

30 5 0 5 ! //
35 5 5 10 5e

40 5 10 15 0 43
45 0 15 15

50 5 20 15

55 110 25 15 | Fone share

60 .15 30 15 | _s0

min{K —S. 0}+C



short put + short share

s Short | Short share Profit

i put 50 —S,

0 —35 50 15
20 —15 30 15
25 -10 25 15
30 -5 20 15
35 0 15 15
40 5 10 15
45 5 5 10
50 5 3)
99 5 -5 0
60 5 —-10 -5

min{S; —K 0}+P

35 40 45 50\‘.\

Short share

>



Long call + short share

S Long call Short share Profit
T 30—S.

0 -5 30 25
20 -5 10 5
25 -5 0
30 -5 0 -5
35 -5 -5 -10
40 -5 —-10 -15
45 0 —15 -15
50 5 - 20 -15
55 10 —-25 -15
60 15 —-30 -15

max{S; —K 0}-C

| B
L

-10
-15

K=40

A

C=5 5=30

Short share

Long call

AN

—K-C+S




Long put + long share

Long

Long share

S. out S. 50 Profit

0 35 - 50 - 15
20 15 -30 - 15
25 10 —-25 —-15
30 5 - 20 - 15
35 0 - 15 —15
40 -5 —-10 —-15
45 -5 -5 —-10
50 -5 0 -5
55 -5 5 0
60 -5 10

max{K —S. 0}-P

K

40

Long put

P=5 S5=50

Long share




Bullish and bearish strategies

Bull call Ki>K,  Cg<C,
Bull pUt Ks > K, Ps >R
Bear call Ki<K,  Ci>C,

Bear put Ks < KI_ Ps < PI_




vertical bull call

St | Longcall | Shortcall | Profit
20 -5 2 -3
25 -5 2 -3
30 -5 2 -3
35 -5 2 -3
40 -5 2 -3
45 0 2 2
50 5 2 14
55 10 -3 I
60 15 -8 14
65 20 - 13 14

max{S, — K 0}-C,

min{K, —S; 0}+C,

K, =40 C, =5 K =50 C =2

= |
I

1 Short call

K -K_ +C,-C,
/

/

Long call




vertical bull put

Sr | Longput | Shortput | Profit | K, =40 P =2 K, =50 P, =5
20 18 — 25 — 7 4

25 13 ~20 | -7 Short
30 8 — 15 — 7 l
35 3 — 10 — 7 i I

0 | -2 5 | -7 ] °

45 — 2 0 ~ 2 -2 7 38 / 30 T
50 — 2 5 3 -7

55 ~ 2 5 3 K =Ks+RK PR Foneput
60 — 2 S 3

65 — 2 5 3

max{KL - S; ,O}— P min{ST - Kq ’O}"' P



vertical bear put

K, =50 P =5 K,=40 P, =2

St | Long put | Short put | Profit

20 25 — 18 14

25 20 - 13 /

30 15 -8 {

35 10 _3 7 ’
40 5 2 7 i
45 0 2 2 ]
50 -5 2 3 | .
55 -5 2 -3

60 -5 2 -3

65 -5 2 -3

max{K,6 —S; 0}— P min{S;

KL_KS

c \\ Short put
®

3840 43\50

]

Long put

~ K, 0}+ P



vertical bear call

St | Longcall | Shortcall | Profit
20 —2 5 3
25 —2 5 3
30 —2 5 3
35 —2 5 3
40 —2 5 3
45 —2 0 — 2
50 —2 -5 — 7
55 - 10 — 7
60 8 —15 — 7
65 13 - 20 — 7

max{S, — K 0}-C,

min{K, —S; 0}+C,

K, =50 C, =2 K=40 C =5

W

Lad

'y

Short call

l

N

]

Long call

40 4W2

KK, +C,-C,



max{S,; — K 0}-C,

Call butterfly (long + short2+long)

min{K, —S; 0}+C,

S, Long call 1 Shortcall x2 | Longcall 2 | Profit
0 -3 12=6*2 — 10 -1
20 -3 12 — 10 -1
25 -3 12 — 10 -1
30 -3 12 — 10 -1
35 -3 12 -5 4
-3 12 9
45 -3 2=2*(40-45+6) 4
50 -3 - 8 10 -1
55 2 — 18 15 -1
60 7 — 28 20 -1
Ku=90 C,,=3 K;=40 C, =6 K=




Call butterfly

Ki, K

\

o \&5/*3

7/KL1 _CLl - KLz _CLZ + Z(Ks "'Cs)



Put butterfly (long + short2+long)

max{K, —S. 0}—P,

min{S; — K ,0}+ P,

S, Long putl | Shortputx2 | Longput 2| Profit
0 45 —- 74 28 —1
20 25 — 34 8 -1
25 20 — 16 3 —1
30 15 — 14 —2 -1
35 10 — 4 — 2 4

5 6 — 2 9
45 0 6 —2 4
50 -5 6 — 2 —1
55 -5 6 — 2 -1
60 -5 6 — 2 —1

=90 P, = Ke=40 P, = K=30 P,



Put butterfly

P.-P,+2P

f ]
K., \\ L1
-

'EK

-1 &

-P,-P,+2P
-2 @
-5 @ \

K —Py+ K, P, +2(P —Ky)




Long straddle

S, LC(;Tlg Lpountg Profit
0 -3 35 32
20 -3 15 12
25 -3 10 7
30 -3 5 2
35 -3 0 -3
40 -3 -5 —8
45 2 -5 -3
50 7 -5 2
55 12 -5 7
60 17 -5 12

max{S; — K,0}—-C

max{K —S.,0}—-P

S, =K-C-P

'

S; =K+C+P

—C-P

K=40 C=3
K=40 P=5



Short straddle - short call + short put

C+P K
Pl

—-
c—
v

-K+C+P

-K+P

min{K —S.,0}+C

min{S; —K,0}+P



Long strangle - long call + long put




Short strangle - short call + short put




S—-K-C-2P=0







