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Derivatives

« Derivatives — financial contracts which value
depends on the value of the underlying asset.

 The underlying asset can be physical
commodities such as oil, metals (gold,
platinum, copper, silver, uranium, aluminum),
corn, live cattle, and so on or financial
Instruments as stocks, bonds, currencies,
stock Indexes, Interest rate.



Long In position — short In position

* The buyer of the contract is long Iin position
and the seller of the contract iIs short In
position.

* The long position will take the delivery of the
asset and pay the seller of the asset the contract
value while the seller is obligated to deliver the
assets versus the cash value of the contract at
expiration.



The way the derivatives are traded in the market

* Over-the-counter (OTC) derivatives:
derivatives that are traded (and privately
negotiated) directly between two parties,
without going through an exchange or other
Intermediary.

 Exchange-trade derivatives: standardized
derivatives that are traded on stock exchanges
or specialized derivatives exchanges.



Derivatives

Four types of derivatives stand out:
» Forward contracts,
» Futures contracts,
» Options,
» Swaps.



« A forward contract I1s an agreement between
two parties in which one of the parties assumes
a long position (the other party assumes a short
position) and obliges to purchase (sell) the
underlying asset at a specified future date,
(expiration date or maturity) for a specified
price (delivery price).



« A futures contract Is standardized contract
between two parties to buy or sell a specified
asset of standardized gquantity and quality for
the price agreed upon today with delivery and
payment occurring at a specified future date.



* Futures and forward contracts are obligations
on both the buyers and the sellers.

* They can be used for speculation, hedging, or
to arbitrage between the spot and the deferred-

delivery markets.



An option Is a contract which gives the buyer the right
but not the obligation, to buy or sell an underlying asset
at a strike price on a specified date.

Options are binding only on the sellers.

The buyers have the right, but not obligation, to take a
position in the underlying asset.

Options can be used to hedge downside risk,
speculation, or arbitrage markets.



Call option — put option

« Call options provide the holder the right to
purchase an underlying asset at a specified
price on a specified date.

* Put options give the holder the right to sell an
underlying asset at a specified price on a
specified date.



European option — American option

* Owners of American-style option may exercise
at any time before the option expires, while
owners of European-style option may exercise
only at expiration.



Swaps

Swaps are agreements between two
counterparties to exchange cash flows In the
future according to predetermined formula.

There are two basic types of swaps: interest
rate and currency.

An interest rate swap occurs when two parties
exchange Interest payments periodically.

Currency swaps are agreements to deliver one
currency against another.



Valuation of forward/futures

» The underlying asset pays no income
» The underlying asset pays predictable income

» The underlying asset pays continuous dividend
yields

 The fair (or theoretical) price of a forward
contract

 The value of a forward contract



* Simple interest

K =K,-(L+n-r)
« Compound interest
K =K, (1+r)

» Continuously compounded interest

K. =K,-e"



The fair price of a forward contract

» For a forward contract on an underlying asset
providing no income

F=5,-e"

F denotes the forward/futures price
T denotes the maturity date of the contract
r denotes the riskless interest rate
S, denotes the spot price of the underlying asset



The fair price of a forward contract

» For a forward contract on an underlying asset
providing a predictable income with a present

value of D
F=(S,-D)-e"
D = Zn: De "t
=1

» D, denotes the dividend paid out at time {;



The fair price of a forward contract

» The underlying asset pays continuous dividend
yields

F=§, e

* A continuous dividend yield means dividends

are paid out continuously at an annual rate of
d.



Compound interest Simple interest

The underlying asset pays no income

F=Sy-(L+r) | F=5-1+T-r)

The underlying asset pays predictable income

F=(S,—PV)-(l+1)" |F=(S,—PV)-(1+T-r)

The underlying asset pays continuous dividend yields

S+ | LS (+T )
1+d)’ 14T -d




Cash-and-carry arbitrage

* A cash-and-carry arbitrage occurs when the
Investor borrows money, buys the goods today
for cash and carries the goods to the expiration
of the forward contract.

* Then, delivers the commodity against a
forward contract and pays off the loan.

* Any profit from this strategy would be an
arbitrage profit.



The underlying asset pays no income

Time Strategies Cash flow

The seller of the forward contract ( F > Sne""r

The investor sells the contract (enters into short B
forward contract).
The investor goes to the bank and borrows the amount
t=0 S, for time T, at the continuously compounded risk- + 5,
free rater
The investor buvs the underlyving asset. — 5
Total cash flow 0
The investor settles the short forward contractby
7 selling the asset for F. F
The investor repays theloan to the bank. S’
Total cash flow F-S,e” >0




Reverse cash-and-carry arbitrage

A reverse cash-and-carry arbitrage occurs when
the investor sells short an asset.

The investor purchases a forward contract, which
will be used to honor the short sale commitment.

Then the iInvestor lends the proceeds at an
established rate of interest.

In the future, the investor accepts delivery against
the forward contract and uses the commodity
received to cover the short position.

Any profit from this strategy would be an
arbitrage profit.




The underlying asset pays no income

Time Strategies Cash flow
The buyer of the forward contract ( F < Sne"r
The investor purchases the contract (enters into long B
forward contract).
=0 The investor sells short the underlying asset. +5;
The investor invests the proceeds for T, at the _ 5
continuously compounded rater ’
Total cash flow 0
The liquidation of the deposit. S.e”
f—T The investor settles the long forward contract by _F
purchasing the asset for F.
The investor closes out the short position. —
Total cash flow Se’t —F >0




The underlying asset pays predictable income

Time Strategies Cash flow
The seller of the forward contract (F>(S,-D)e”)
The investor sells the contract (enters into short B
forward contract).
The investor goes to the bank and borrows the amount
t=0 S, for time T, at the continuously compounded risk- + 5,
free rater
The investor buys the underlying asset. — 3,
Total cash flow 0
The investor settles the short forward contractby
selling the asset for F. F
F=T The investor repays the loan to the bank. — S’
Return on invested dividends. De'

Total cash flow

F-5," +De”" >0




The underlying asset pays predictable income

Time Strategies Cash flow
The buyer of the forward contract (F < (S, — D)e”")

The investor purchases the contract (enters into long B
forward contract).

t=0 The investor sells short the underlying asset. +5;
The investor invests the proceeds for T, at the _ s
continuously compounded rater ’

Total cash flow 0

The liquidation of the deposit. See’”
The investor settles the long forward contract by

t=T1 purchasing the asset for F. -F
The investor closes out the short positionand returns et

dividends.

Total cash flow

S,e’’ —F-De” >0




The value of a forward contract

» The underlying asset pays no income
f,=S,—F-e ™"
» The underlying asset pays predictable income
f,=(S5,—-D)—F.e 70"

» The underlying asset pays continuous dividend
yields

f = Ste—(T—t)-d _E.e (T-Or



The underlying asset pays no income

>

S, F =§,e”
.
>




The underlying asset pays no income

SQE”
»
S:. =FI€—H'T—!; F =Sﬂ€r]'
Sﬂ'
¢ °
[ ]‘r
< |
-r(T-t, re
Fe7™ = §,

ﬂ =5 _Fe(T-) f: =S —Soe" fx i (E _F )e-r(T-r)



Example

ﬂ =St-—Fe"'(T‘f) f; =St—Soen f; =(F;_F)e-r(f-t)

40 %% = 4122 F, =42-e°%° = 44597
>
1 F =40-¢%%° =43.77
40
@ ®
0 3 Tf’
< .
f =0.78

Interest rate 12%



/:

The underlying asset pays predictable income

(S, —D)e""
>
Sr —D* = ‘F;e-r(?'-:; F= (SE' _D)EFT
S,—-D ® .
[
0 a
« |

(5,-D")-Fe

FE_HI_!'I =|(SID -D)e”

f. =(8,-D*)-(S,-D)e" f, =(F,—F )@



The underlying asset pays continuous dividend yields

>
R it F=S,emr
o
0 T : T
'

_ o -d(T-t)_r(T-t) (r-d )(T-t)
F,=Se e =S¢



The underlying asset pays continuous dividend yields

rt-dTl
S,e

F= Sﬂefr—d)r

f; — Sre-drf-:) _Fg-rfI'-:,l

T




Forward contract on currencies

» W denotes the domestic/foreign exchange rate
*  — domestic riskless interest rate
* r, —foreign riskless interest rate



Forward contract on currencies

H:.' EF‘I—P‘T .
0 = _(F=F_JiT=r)
F, =We
>
r o =n (T=t (r=r )T
H‘JIE - / F = WgE /

W,e ™

fr — Hrre—r_r_’l"—u _Fe—rrr—:_; fr — W,e_r"”—” —Wgeﬂ-r“r f; — (F: -F )e—rri"—u



Forward Rate Agreements (FRA)

FRA — a forward contract where it Is agreed that a certain interest rate [,
will apply to a certain principal to a specified future time period

2

L

» . L

0 I I,

L . _ .
R Frp



FRA pricing — continuously compounded interest rate
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FRA pricing

AT E.-"-.'T-. E-’m (T =L _ AT E-’J'Tz

Woody Frggdy, -1 )=y - 1
Fa 'E_'l _.il"l '4?_1

- -

I, -1,

Fepa



FRA pricing — compound interest rate

N-(1+7) =

& -

T T,
N-(1+n ) N-(1+7 ) (e, )5

B .

o -

I T.



FRA pricing

N(I—I—FE)E — N(1—|—Fi)ﬂ(1—|—?};ﬂ{)rz_fl

rera ="y (N [ ) -1



FRA pricing — simple interest rate

N-(1+r,-T,)
»
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FRA pricing

N-(l+r-I )l+r_ (I,-T ))=N-(1+r,-I, )
l+r_ (I, -1 )+0,-F,+0-F-r_ (1, -1 )=1+r,-T,
o (1, =1 )-(l+r, -1 )=r.-I, -1 -1

1 r-I,-r-1
I,-I, 1l+r-I

'rFR-I



Example

« Bank offers the FRA 3x3 rate of 5.8% per annum, the
reference rate for 3 months 1s 5.0%, and for 6 months
IS 5.5%. Is this rate a fair rate?
1 I, -l

r =
T,=025 T,=05 r,=50% r,=55% ™ T,-T, 1+rT,

1 0.055-0.5-0.05-0.25

[y = =0.059
05-0.25  1+0.05-0.25

FRA mxn



The binomial option pricing model

* Option valuation Is a step process:

1. Create the binomial price tree (lattice), for a
number of time steps between the valuation and
expiration dates. Each node In the lattice
represents a possible price of the underlying
asset at a given point in time.

2. Create the binomial option tree
» Find option value at each final node.
» Find option value at earlier nodes.




One-period binomial price tree

o « At each step, It IS

assumed that the price

2 of the  underlying
Instrument will move up

o) or down by a specific
l—p factor (u or d) per step

of the tree.
R |

p — the probability o By definition

1
pe(O,l) u>1 de(O,l) d:a
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The binomial price tree
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The binomial price tree

« Atnode (nk) k=01,..,n
with probability

@ pL-p)” (Ej “n —r:)!-k!

N - factorial of n

Binomial coefficient

the priceis S, =S-u“-d"™"

S;=S-u-d=S [Zj—pl(l—p)“ﬂ-p-(l—p)

S!=5.u-d?=S-d 3-p-(1-p)



One-period binomial option tree (a call option)

S-u C, =max{S-u- X, 0}

S-d C, =max{S-d- K, 0}

K is the strike price



One-period binomial option tree (a put option)

Sy P, =max {K- 5 -u, 0}

S-d P, =max{X - S-d, 0}

K is the strike price



Replicating portfolio (call option, compound interest)

Option can be replicated by portfolio of other securities
X — the underlying asset

b — bonds
C=x+D
u-x+(1+r)-b if the price of the underlying asset will
move up
d-x+(1+r)-b

If the price of the underlying asset will
move down



u-x+R-b=C,

d-x+R-b=C,

R=1+r






Two-period binomial price and option trees
(the underlying asset does not pay dividends)

C,, =max{S-u* -K,0}

C, . = madS —K,0}

S-d

Cy = max{S-u: -K,O}
S-d*



1 1
C, =E(q-Cuu +(-q)-Cy) C, =E(q-Cud +(1-q)-Cy)

1 R-d
CZE(WCUJF(l—Q)'Cd) q:r

= 2a-2aCui-a1C.)r0-0) 2a-C. +-0) C,)

1
c==07-c,+20-(1-0) €, +(-0) -C,)



Replicating portfolio (call option, continuously compounded

Interest)
U-x+bh-e™=C s
) ) - Mu U—d
d-x+b-e"™ =C, b—e"r'm(u .C,—d-C, j
u—d
rAt At
Coxtboer & 9c ;U8 ¢
u—d u—d
er-At_d

C=e"(q-C,+(-q)C,) 0=



The binomial option pricing model

« Compound interest « Continuously compounded
Interest

c=2(-C,+-a}C,) | | C=e"(q-C,+{-q)-C,)

R=1+r q_er-At_d
q_R—d u—d
u-d

U= ec-\/xt d — e—c-\/ﬂ — 1/U



Example

S =50 K =48
Expiration time — 3 months
u=e"*""? 1059434
d =1/u=0.9439
R=1+0.1/12=1.008333

= 1.0083-0.9439
1.05943-0.9439

1-q = 0.442301

=0.557699

o=0.2 r=0.1

ea-ﬁ

—
Il



Three-period binomial price tree

59 .46

42.05

.u_




Three-period binomial option tree (European call option)

11.46

C s
didd

C,. =max{S-u’ —K, 0}, C,, =max{S-u—K, 0}

0 Cop=max{S-d—K,0}, C,,=max{S-d°-K, 0},

1 1

Cuu =E|:g 'Cuuu +(1_Q}CLL.:] Cu =E["§!"Cuu +[:1_Q:}CL£:|



Three-period binomial option tree (European put option)

P

LLL

P, =maxK—S-u,0}, P, =mac{K—S u,0}

5395 Pﬁu=mﬂ{g_5'd’0} Pﬁ:maxk—s.ﬂf-:JU}:

Puu=%[‘E'Puuu+fl_gaj'lpuufj= PL=%[QPLL+f1—qJPEJ



Three-period binomial option tree (American put
option)

European put option

5.95




Option

Compound

Continuously

Interest compounded interest
European call 3.9396 3.9431
option
European put 0.7593 0.7580
option
American put 0.8357 0.8345

option




The underlying asset pays continuous dividend o
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S-d
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